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Electron-electron scattering and magnetoresistance of ballistic microcontacts
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Using a semiclassical Boltzmann equation, we calculate corrections to the Sharvin conductance of
a wide 2DEG ballistic contact that result from an electron–electron scattering in the leads. These
corrections are dominated by collisions of electrons with nearly opposite momenta that come from
different reservoirs. They are positive, increase with temperature, and are strongly suppressed by
a magnetic field. We argue that this suppression may be responsible for an anomalous positive
magnetoresistance observed in a recent experiment.
PACS numbers: 73.21.Hb, 73.23.-b, 73.50.Lw
I. INTRODUCTION
It is well known that narrow constrictions in 2D or
3D electron gases exhibit a finite electric resistance even
if their size is much smaller than the electron mean free
path.1 In terms of the Landauer–Bu¨ttiker formalism, this
resistance is due to a total backscattering of electrons in
most of quantum channels of the electrodes.2 If a trans-
verse magnetic field is applied to a constriction in a 2D
gas, a suppression of geometrical backscattering results in
a temperature-independent negative magnetoresistance.3
In a recent paper, Renard et al.4 studied electric
transport in wide 2D quantum contacts formed of high-
mobility GaAs heterostructures. In a zero magnetic field,
the authors observed a positive correction to the conduc-
tance that increased linearly with temperature. In ad-
dition to this, they noticed an unusual behavior of mag-
netoresistance in low fields. The low-field magnetoresis-
tance was positive and increased with temperature. In
higher fields, it crossed over to a negative one, so that the
R(H) curves exhibited a temperature-dependent maxi-
mum. The authors attributed this temperature depen-
dence to electron–electron interactions, but the specific
mechanism of it was not clear. The goal of the present
paper is to establish it.
There are several theories that address effects of
electron–electron interaction in magnetoresistance of a
uniform 2D electron gas. In the semiclassical approxi-
mation, these interactions do not affect electric resistiv-
ity of macroscopically homogeneous conductors with a
parabolic spectrum because of momentum conservation.
They are known to contribute to the resistivity only if
the translational invariance of the conductor is broken
by impurities and a quantum interference between the
interactions and impurity scattering takes place.5 There
are several theories describing the magnetoresistance of a
uniform 2D electron gas that results from these quantum
effects. Gornyi and Mirlin6,7 analyzed the magnetore-
sistance that is due to electron-electron interactions for
a 2D gas with smooth disorder in the ballistic regime
Tτimp ≫ 1, where τimp is the elastic scattering time
(kB = ~ = 1). They obtained that the magnetoresis-
tance scales as ω2cT
−1/2 in strong fields ωc ≫ T and is
exponentially suppressed at ωc ≪ T , where ωc is the cy-
clotron frequency. Very recently, Sedrakyan and Raikh8
studied the ballistic regime for a 2D gas with short-range
impurity potential. They obtained that in weak fields
ωcE
1/2
F /T
3/2 ≪ 1, a positive magnetoresistance scales as
ω2c/T
3/2. In strong fields ωcE
1/2
F /T
3/2 ≫ 1 it crosses over
to a temperature-independent negative one and scales as
ωc. However these theories strongly rely on the presence
of impurities in the system, while in the experiments of
Renard et al., the electron mean free path was at least 50
times larger than the size of the contact that determined
its resistance.
The translational invariance is violated not only in dis-
ordered systems. In a ballistic system with restricted
geometry it is broken as well and hence the electron–
electron scattering may lead to nontrivial effects even
in the absence of impurities or rough boundaries. Un-
like the case of a conductor with impurities, these ef-
fects can be captured even in the semiclassical approx-
imation. Very recently it was shown that in semiclassi-
cal ballistic 2D contacts with a large number of trans-
verse channels this scattering results in a positive correc-
tion to the Sharvin conductance that scales linearly with
temperature.9 The correction to the conductance results
from collisions of electrons in the leads incident on the
contact with nonequilibrium electrons injected from the
opposite electrode. Bring to notice that this mechanism
gives a positive contribution to the conductance unlike
the backscattering of electrons with few quantum chan-
nels, which results in negative corrections to it.10–19 Here
we analyze the behavior of this correction in a magnetic
field and find that it results in an anomalous positive
low-field magnetoresistance.
In this paper, we show that the positive contribution
to the conductance from electron–electron scattering is
effectively suppressed by a magnetic field transverse to
the contact plane. This suppression results in a positive
low-field magnetoresistance. After the interaction con-
tribution has been destroyed by the magnetic field, the
positive magnetoresistance gives way to a negative one
that arises from the suppression of geometrical backscat-
tering.
The paper is organized as follows. In Section II, we
present the model and describe our general formalism.
2In Section III, we qualitatively discuss the interaction
correction to the conductance in a zero magnetic field.
In Section IV, we present calculations of the magnetore-
sistance. Section V presents a discussion the results and
their comparison with the experiment. Appendices A
and B contain details of calculations.
II. MODEL AND BASIC EQUATIONS
We adopt the model of a ballistic contact similar to
that of Kulik et al.20 for the case of electron–phonon
scattering. Consider two 2D electron gases separated by
a thin impenetrable barrier with a gap of width 2a. We
assume that a is much larger than the Fermi wavelength
and the screening radius but much smaller than both
elastic and inelastic mean free path of electrons. The
distribution functions f(p, r) of electrons on both sides
of the insulator obey the Boltzmann equation21
v
∂f
∂r
+
(
eE+
e
c
v ×H
) ∂f
∂p
= Iˆee(p, r), (1)
where E = −∇ϕ is the electric field and H is the mag-
netic field (e < 0). The electron–electron collision inte-
gral is given by the standard expression
Iˆee(p) = αee ν
−2
∫
d2k
(2pi)2
∫
d2p′
(2pi)2
∫
d2k′
×δ(p+ k− p′ − k′) δ(εp + εk − εp′ − εk′)
×
{
[1− f(p)] [1− f(k)] f(p′) f(k′)
−f(p) f(k) [1− f(p′)] [1 − f(k′)]
}
, (2)
where αee is the dimensionless parameter of electron–
electron scattering22 and ν = dns/dEF = m/pi is the
two-dimensional Fermi density of states. The coordinate
r is omitted in all the arguments for brevity. We assume
that the electric potential ϕ tends to V/2 and −V/2 far
from the contact in the left and right half-spaces, where
V is the voltage drop across the contact. We also assume
that the distribution function of electrons in the momen-
tum space tends to the equilibrium one sufficiently far
from the contact.
We emphasize that unlike a number of authors who
considered contacts in a form of a long and narrow
channel10–16,23 with interaction effects taking place deep
inside them, we consider a short and wide contact.
Therefore the most essential scattering events occur out-
side it in the leads.
We briefly discuss here the relative roles of the collision
integral and the equilibrium boundary conditions for the
distribution function. In the Landauer–Bu¨ttiker formal-
ism the dissipation of power in a contact with a perfect
transmission is due to relaxation processes in the leads.
This relaxation brings the injected electrons in equilib-
rium with those in the electrodes. It is implicitly taken
into account by assuming that electrons incident on the
FIG. 1: (Color online) The distributions of non-interacting
electrons to the left and to the right of the orifice20. In the left
half-space, the Fermi sphere has a dent because the electrons
injected from the contact have lower energies. In the right
half-space, the Fermi sphere has a bump because the electrons
injected from the contact have higher energies.
contact from the electrodes have an equilibrium distribu-
tion. However this implicit relaxation does not take into
account the back action of injected nonequilibrium elec-
trons upon the electrons in the leads, which may give rise
to nontrivial effects. Though collisions between electrons
do not change their total momentum, they change their
trajectories and hence may prevent some of them from
passing through the contact or help some extra electrons
to get through.
In our semiclassical formalism, we also use the equilib-
rium boundary conditions for the electrons moving to the
contact from the depth of the electrodes. If we set the col-
lision integral in the Boltzmann equation equal to zero,
we recover the Sharvin conductance, i.e. the same result
as in the Landauer–Bu¨ttiker formalism. If the collision
integral is explicitly taken into account, it not only re-
sults in a relaxation of nonequilibrium injected electrons,
but also changes the distribution of “native” electrons
coming from the depth of the electrodes. In particular,
collisions with electrons injected from the other electrode
make the electrons incident on the contact nonequilib-
rium even before they reach the orifice. This is a sort of
an electron–electron drag, which results in a correction
to the Sharvin resistance.
Equation (1) may be solved by expanding it in pow-
ers of αee. In the absence of scattering, electrons move
along the classical trajectories in the phase space so that
their coordinate rτ and momentum pτ are determined
by equations
dpτ
dτ
= eE(rτ ) +
e
c
vτ ×H, drτ
dτ
=
pτ
m
, (3)
where τ is the travel time. The total energy of an electron
p2/(2m)+eϕ(r) is conserved during its motion along the
trajectories (3). The boundary conditions for Eq. (1)
take a form f(p, r) = f0(εp) in the left and right half-
spaces far from the orifice, where
f0(εp) =
1
1 + exp(εp/T )
(4)
3and εp = p
2/(2m) − EF . Because of the energy conser-
vation, the distribution function f(p, r) depends only on
the electrode from which an electron with momentum p
came to point r. As the electrons that contribute to the
current belong to a narrow interval of energies of the or-
der of T ≪ EF , we may treat their velocity as energy
independent and assume that the trajectories of the rel-
evant electrons depend only on the momentum direction
and do not depend on their energy. It is convenient to use
the notion of an angular domain Ω(r) that contains all
the momenta of electrons that came to point r from the
contact. In terms of this domain, the zero-approximation
distribution function is9,20,24
f (0)(p, r) =
{
f0(εp + eϕ(r)∓ eV/2), p /∈ Ω(r)
f0(εp + eϕ(r)± eV/2), p ∈ Ω(r) (5)
for the electrons in left (upper sign) and right (lower sign)
half-spaces, respectively. Schematically, the electron dis-
tribution functions to the left and to the right of the
contact are shown in Fig. 1.
The current through the contact is given by an expres-
sion
I = e
∫
dρ
∫
d2p
(2pi)2
v⊥ f(p,ρ), (6)
where v⊥ is the component of v normal to the insulator
and vector ρ labels points within the gap in the plane
of insulator. A substitution of Eqs. (5) into this expres-
sion results in the well known formula for the Sharvin
conductance
G0 =
e2pFa
pi2
, (7)
i.e. the conductance quantum times the number of trans-
verse channels in the contact.
To the first approximation in αee, the correction to
the distribution function δf(p,ρ) at the orifice is read-
ily obtained by integrating Iˆee{f (0)} along the classical
trajectory of an electron that arrives at point ρ with mo-
mentum p from infinity
δf(p,ρ) =
∫
∞
0
dτ Iee{f (0)(pτ , rτ )}, (8)
where τ is the time of travel to point ρ along the trajec-
tory and pτ and rτ obey Eqs. (3). The collision integral
in Eq (8) is zero if there is no voltage drop across the con-
tact and the distribution function is equilibrium. There-
fore as we are interested in a linear response to the electric
field, we may neglect it in Eqs. (3) and assume that |p| =
const. In a magnetic field, the trajectories in the coor-
dinate space present arcs of circles of cyclotron radius
lH = pF c/eH , while the momentum direction pτ rotates
about the origin with an angular frequency ωc = eH/mc.
Similarly, one can neglect ϕ(r) in Eq.(5).
The collision integral in Eq. (8) is nonzero only if at
least one of the momenta in Eq. (2) falls within Ω(rτ ).
As we will see below, the main contribution to (8) comes
from points r located much farther from the orifice than
its size a. Hence Ω(r) may be considered as small and the
contribution to (8) from scattering processes where more
than one momentum lies in Ω(r) may be neglected. As
we will see in the next section, the largest contribution
to Iee comes from the collisions of electrons incident on
the orifice with electrons that are injected from the other
half-plane and have nearly opposite momentum. Hence
the integration over k in Eq. (2) in the left and right half-
planes may be limited to k ∈ Ω(rτ ). The electrons with
momentum k should be considered as injected, and the
electrons with the rest of momenta p, p′, and k′, as native
to the corresponding half-plane. Therefore the collision
integral, e. g., in the left electrode may be written in a
form
Iee(pτ , rτ ) = αee ν
−2
∫
d2k
(2pi)2
∫
d2p′
(2pi)2
∫
d2k′
×δ(pτ + k− p′ − k′)
×δ(εp + εk − εp′ − εk′)Θ[k ∈ Ω(rτ )]
×
∫
dε
∫
dε′
∫
dε1
∫
dε2
×δ(εp − ε) δ(εk − ε′) δ(εp′ − ε1) δ(εk′ − ε2)
×FL(ε, ε′, ε1, ε2), (9)
where
FL(ε, ε
′, ε1, ε2)
= [1− fL(ε)] [1− fR(ε′)] fL(ε1) fL(ε2)
−fL(ε) fR(ε′) [1 − fL(ε1)] [1− fL(ε2)]. (10)
For convenience, we introduced here extra variables ε,
ε′, ε1, and ε2 to separate integrations over the energies
and momentum directions and used a notation fL(ε) =
f0(ε− eV/2) and fR(ε) = f0(ε+ eV/2). By substituting
the collision integral into (8) and the resulting expression
into (6), one obtains the correction to the current in a
form
δI = 2αee ν
−2
∫
dε
∫
dε′
∫
dε1
∫
dε2
×δ(ε+ ε′ − ε1 − ε2)FL(ε, ε′, ε1, ε2)
×
∫
d2p
(2pi)2
v⊥Θ(v⊥) δ(εp − ε)
×
∫
dρ
∫
∞
0
dτ
∫
d2k
(2pi)2
δ(εk − ε′)Θ[k ∈ Ω(rτ )]
×A(ε1, ε2, |pτ + k|), (11)
where the quantity
A(ε1, ε2, |pτ + k|) = 1
(2pi)2
∫
d2p′
∫
d2k′
×δ(p′ + k′ − pτ − k) δ(εp′ − ε1) δ(εk′ − ε2). (12)
presents the effective volume of momentum space into
which a pair of electrons with momenta p and k can
4FIG. 2: (Color online) Restrictions in the momentum space
for electron scattering. (a) Electrons with oppositely directed
velocities have an infinite number of possibilities to scatter in
a pair of electrons with oppositely directed velocities and give
the resonant contribution to the conductivity. (b) Electrons
with nonzero total momentum Q may only exchange either
retain their momenta.
scatter upon a collision. The prefactor 2 in Eq. (11) is
due to a summation of two equal contributions from the
left and right half-planes.
In Eq. (11), it is convenient to make the argument
of A independent of τ . To this end, we rotate the local
coordinate system in such a way that pτ coincides with
p. As we do it, the domain of integration over k changes
from Ω(rτ ) to Ω˜(rτ ,pτ ). Change now the sequence of
integrations in such a way that integrations over τ and ρ
take place first. We arrive at an expression
δI = 4ea αeeν
−2
∫
dε
∫
dε′
∫
dε1
∫
dε2
×δ(ε+ ε′ − ε1 − ε2)FL(ε, ε′, ε1, ε2)
×
∫
d2p
(2pi)2
δ(εp − ε)Θ(v⊥) v⊥
×
∫
d2k
(2pi)2
δ(εk − ε′)A(ε1, ε2,p+ k) τ¯m(p,k), (13)
where
τ¯m(p,k) =
1
2a
∫
dρ
∞∫
0
dτ Θ[k ∈ Ω˜(rτ ,pτ )] (14)
is the effective time of interaction between incident elec-
trons with momentum p and injected electrons with mo-
mentum k.
III. ZERO MAGNETIC FIELD: A
QUALITATIVE DISCUSSION
First consider qualitatively the case of zero magnetic
field. In the limit of zero magnetic and electric field, the
electrons just move along straight lines with a constant
momentum. The interaction correction to the conduc-
tance for this case was calculated in Ref. 9. The expres-
FIG. 3: (Color online) Effective time of electron scattering
in zero magnetic field. (a) If the momentum direction of an
incident electron differs from that of injected electrons, the
time of their interaction is limited. (b) If the momentum of
an incident electron is opposite to that of injected electrons,
the time of their interaction is infinite.
sion for this correction had a form
δG
G0
=
2C0
pi2
αee
a
vF
T ln
(
lc
a
)
, (15)
where C0 ≈ 1.87 and lc is a cutoff length much larger than
2a, which may be due to a very weak electron–impurity
scattering or a finite size of the electrodes. In contrast
to the case of a long and narrow contact,10–17 the correc-
tion is positive. The unusual sign of the correction may
be explained as follows. In the absence of interaction, the
electron distribution in the momentum space has a dent
or a bump at the side opposite to the contact depending
on the electrode (see Fig.1). The electron–electron scat-
tering tends to smooth out this dent or bump by adding
electrons to that part of the Fermi surface or removing
them from there. As the total momentum of the elec-
tron gas must be conserved, the center of mass of the
local distribution should not be changed by the scatter-
ing. Hence additional electrons should also appear at the
side facing the contact or be removed from there. As a
result, the number of incident electrons increases at the
negative-voltage side of the contact and decreases at the
positive-voltage side of it thus forming a positive correc-
tion to the current.
The magnitude of the interaction correction is much
larger than one would expect from qualitative considera-
tions. Naively, one might expect δG/G0 to be of the order
of a/lee, where l
−1
ee ∼ T 2/(vFEF ) is the inverse equilib-
rium electron–electron scattering length. However the
actual effect is (EF /T ) ln(lc/a) times larger. The large
magnitude of the effect is due to a special role played by
collisions of electrons with almost opposite momenta.25
A sharp increase in the volume of momentum space avail-
able for scattering upon such collisions results in a diver-
gence of quantity A in Eq. (13) at p + k = 0. A quali-
tative explanation of this singularity is given in Fig. 2.
Imagine that the two initial states of scattering electrons
p and k lie exactly at the Fermi surface and the temper-
ature is zero. Because of energy conservation and Fermi
statistics, the final scattering states p′ and k′ should also
5FIG. 4: (Color online) Destruction of the resonance of oppo-
sitely moving electrons in magnetic field. (a) Electrons move
oppositely and give a resonant contribution. (b) Electron tra-
jectories are bent by the magnetic field and the electron ve-
locities form a nonzero angle at the collision point.
lie exactly at the Fermi surface and obey the momentum
conservation condition p+k = p′+k′. If Q = p+k 6= 0,
this condition may be satisfied only if the electrons retain
their momenta or exchange them. However if Q = 0, the
electrons can scatter into an arbitrary pair of states with
opposite momenta and hence the amount of available vol-
ume in the momentum space drastically increases.
If the electrons have a smooth angular distribution, the
singularity in A(|p+k|) is averaged over the whole Fermi
surface and eventually results only in an additional loga-
rithmic factor ln(EF /T ) in the electron–electron scatter-
ing rate.26,27 However in our problem, A(|p+k|) is aver-
aged over the Fermi surface with a weight factor τ¯m(p,k),
which accounts for the anisotropy of local electron dis-
tribution and presents the dwell time of an electron with
momentum p incident on the contact in a beam of elec-
trons injected with momentum k (see Fig. 3). This time
remains finite if p is tilted with respect to k, but it tends
to infinity if p = −k. In the latter case, the incident
and injected electrons move along the same straight line
in the opposite directions and one can find a nonequi-
librium electron with momentum −p no matter how far
from the orifice. The superposition of the two singular-
ities in A(|p + k|) and τ¯m(p,k) in the integrand of Eq.
(13) results in an extra power of EF /T in the final ex-
pression for the current (15).
The “resonance” scattering of electrons with opposite
momenta is due to the time-reversal symmetry, which
makes them move along the same trajectory in opposite
directions. If this symmetry is destroyed by a magnetic
field, the effect is strongly suppressed. The magnetic
field bends trajectories of electrons with opposite mo-
menta in opposite directions so that they do not coincide
any more (see Fig 4). This leads to a reduction of the
effect of scattering on the conductance and hence to a
positive magnetoresistance. In the next sections, we give
a quantitative estimate of the related magnetoresistance.
FIG. 5: (Color online) Dependencies of the angles ϕ1 and ϕ2
between the momenta of an incident electron and electrons in-
jected from the upper and lower edges of the gap on the travel
time of incident electron to the contact τ . ϕ3 presents the
same dependence for an electron injected at y′ = y. The time
τm(ϕ) presents the sum of the portions of the line ϕ = const
lying within the shaded area. The inset shows the mutual ar-
rangement of the trajectories of the incident and the injected
electrons at the collision point rτ . The shaded area shows
Ω(rτ ) and contains the momentum directions of injected elec-
trons.
IV. CALCULATION FOR NONZERO
MAGNETIC FIELD
The anomalously large interaction correction to the
current results from collisions that take place at large
distances from the contact vF τ ≫ a. Therefore the diver-
gence in τ¯m(p,k) should be suppressed already in weak
magnetic fields such that lH ≫ a. This is why in what
follows we will be interested in low magnetic fields and
large τ .
To calculate the effective time τ¯m, one should first ob-
tain the angular boundaries of the domain of integration
Ω(rτ ,pτ ) for arbitrary τ . For this purpose, one has to
solve Eqs. (3) in the limit of zero electric field. Introduce
a coordinate system with the origin at the center of the
contact and the y axis parallel to the insulating layer.
Consider a specific trajectory of an electron incident on
the contact. Suppose that the trajectory crosses the con-
tact at point ρ = (0, y) at an angle ϕp to the contact
normal. Determine the boundary angles for integration
over k at any point of the trajectory rτ corresponding
to travel time to the contact τ . If another electron is
injected from the contact at point ρ′ = (0, y′) and then
arrives at point rτ , its momentum will make an angle ϕ
with the momentum pτ that the incident electron had
at this point. In the linear approximation in the mag-
netic field and at τ ≫ a/vF this angle is given by an
6FIG. 6: (Color online) Dependence τm(ϕ) for the cases of the
zero and nonzero magnetic field.
asymptotic expression (see Appendix A)
ϕ(τ) = ωcτ +
y − y′
vF τ
cosϕp. (16)
In the (τ, ϕ) plane, the region k ∈ Ω˜(rτ ,pτ ) is limited by
two curves ϕ1(τ) and ϕ2(τ), which are obtained by sub-
stituting y′ = a and y′ = −a into (16) and correspond to
electrons injected from the upper and lower edges of the
gap (see Fig. 5). The effective interaction time τ¯m(ϕ, ϕp)
presents the total length of the portions of the line ϕ =
const that fall inside this region. This length has to be
integrated over y from −a to a and divided by 2a. Cal-
culations give that (see Appendix B)
τ¯m(ϕ, ϕp) =
a
vF
√
cosϕp
β
G
(
ϕ√
4β cosϕp
)
, (17)
where β = ωca/vF is dimensionless magnetic field and
G(b) =


b+
1
3
(b2 + 2)3/2 +
1
3
b3, b < 0
b+
1
3
(b2 + 2)3/2 − b3, 0 < b < √2
b+
1
3
(b2 + 2)3/2
+
2
3
(b2 − 2)3/2 − b3, b > √2.
(18)
The obtained piecewise function is shown by the green
continuous line in Fig. 6. The magnetic field not only
smooths out the singularity at ϕ = 0 that corresponds
to the case of oppositely moving electrons but also shifts
the maximum of τ¯m(ϕ) away from this point. The τ¯m(ϕ)
dependence for the case of zero magnetic field is shown
in this figure by red lines.
Quantity A that also enters Eq. (13) presents an in-
tegral over the Fermi surface over two momenta with a
given sum and reflects the limitations on the scattering
in the phase space that result from momentum conserva-
tion. An explicit calculation gives
A(ε1, ε2,p+ k) =
1
v2F
1
(2pi)2
×
Θ
(
sin2 ϕ2 +
D
4E2
F
)
cos(ϕ/2)
√
sin2 ϕ2 +
D
4E2
F
, (19)
where
D =
(εp − εk)2 − (ε2 − ε1)2
4
. (20)
Upon integration over p and k in Eq. (13) it reduces to
an integral over energies
δI = 4ea
αee
ν2
∫
dε
∫
dε′
∫
dε1
∫
dε2
×δ(ε+ ε′ − ε1 − ε2)FL(ε, ε′, ε1, ε2)C(ε, ε′, ε1, ε2), (21)
where C(ε, ε′, ε1, ε2) can be found explicitly in several
cases. If the ratio D/(4E2Fβ) is large and positive,
C = C1 =
ν2
8pi3
a
v2F
EF√
D
ln
(
D
4βE2F
)
. (22)
If this ratio is large and negative,
C = C2 =
ν2
8pi2
a
v2F
EF√
| D | . (23)
If the absolute value of this ratio is small,
C = C3 = − ν
2
3pi4
a
v2F
1√
β
ln
∣∣∣∣ D4βE2F
∣∣∣∣ . (24)
The distribution-dependent factor FL in (21) should
be linearized with respect to the voltage. With account
taken of the delta function in this equation it may be
written in a form
FL(ε, ε
′, ε1, ε2) =
eV
T
exp
(
ε+ ε′
T
)
×f0(ε) f0(ε′) f0(ε1) f0(ε2). (25)
This factor exponentially falls off away from the Fermi
surface and limits the integration over the energies to a
narrow interval of width T near it. Hence one may use
an estimate
D
4E2Fβ
∼ T
2
4E2Fβ
.
Equation (21) is easily evaluated in two limiting cases
of weak and strong magnetic fields by introducing di-
mensionless variables ξi = εi/T . In the case of a weak
7magnetic field β ≪ T 2/E2F the most singular in T con-
tribution to the integral is given by negative values of D,
and a substitution of (23) into (21) gives
δG
G0
=
C0
8pi
αee
a
vF
T ln
(
T 2
β E2F
)
. (26)
This equation has the same form as (15) with lc =
(T/EF )
2 lH except for the numerical prefactor. The dif-
ferent numerical prefactors in Eqs. (15) and (26) show
that a true crossover between the cases of H = 0 and
H 6= 0 takes place only at lH ≫ lc.
In the opposite case of a relatively strong magnetic
field T 2/E2F ≪ β ≪ 1 a substitution of (24) into (21)
gives with a logarithmic accuracy
δG
G0
=
4
9
αee
a
vF
T 2
EF
√
β
ln
(
βE2F
T 2
)
. (27)
This equations suggests that the correction to the con-
ductance is positive, increases with temperature and de-
creases with magnetic field. At higher magnetic fields,
the interaction correction to the conductance falls off
more rapidly.
V. DISCUSSION
A positive correction to the conductance that decreases
with increasing magnetic field results in a positive low-
field magnetoresistance δR(H) = −δG/G20. The low-
temperature portions of these curves are similar to those
of experimental curves obtained by Renard et al.4 (see
Fig. 7). In both cases, higher temperatures correspond
to lower R(H).
At higher magnetic fields the experimental magnetore-
sistance exhibits a maximum and eventually decreases
linearly with H . This linear decrease may be attributed
to the geometrical suppression of electron backscattering
from the contact3 in a four-terminal geometry. The four-
terminal resistance for noninteracting electrons is given
by a formula28
R4(H) = R2 − 2pi
e2
1
pF lH
, (28)
where R2 is independent of H at lH ≫ a. For interacting
electrons, the maxima in the curves can be explained by
a crossover from the positive magnetoresistance governed
by interaction effects to the negative magnetoresistance
related with the suppression of geometrical backscatter-
ing. One may roughly estimate the positions of maxima
in R4(H) by substituting R2 = G
−1
0 − δG/G20 into Eq.
(28) and differentiating it with respect to H . Estimates
made for a 2DEG on the basis of a GaAs heterostruc-
ture with electron concentration ns = 1.5 × 1011 cm−2,
T = 1.5 K, αee = 1,
29 and a contact with 13 open quan-
tum channels4 give the maximum of R4(H) at a mag-
netic field about 10 mT. This is in a good agreement
FIG. 7: (Color online) Experimental four-terminal magne-
toresistance for a ballistic 2D contact with 13 open quantum
channels.4
with the experimental data (see Fig. 7). The behav-
ior of the experimental curves also qualitatively agrees
with our results. As the temperature increases and the
interaction effects become larger, the maxima become
more pronounced and shift towards higher fields. At suf-
ficiently high fields where the interaction correction is
completely suppressed, all the curves merge into a sin-
gle temperature-independent straight line in accordance
with Eq. (28).
The authors of Ref. 4 attributed the linearly depen-
dent on temperature contribution to the zero-field con-
ductance of the contact to an electron scattering off the
Friedel oscillations around it. Our semiclassical model
also predicts an interaction correction to the conductance
that linearly depends on the temperature in a zero field.9
However in our opinion, the qualitative agreement be-
tween our calculated magnetoresistance and the experi-
mental data suggests that the observed features are likely
to result from semiclassical electron–electron scattering.
Though collisions of electrons with opposite momenta
modify the electron lifetime and thermodynamic prop-
erties of a homogeneous 2DEG,30 the related anomalies
are averaged over the whole Fermi surface and therefore
these effects are difficult to observe. Ballistic contacts in
a 2DEG under voltage bias serve as selective amplifiers of
the contribution from such collisions and visualize them
as peculiarities of the conductance.
In 3D systems, the effects of electron–electron scatter-
ing on the conductance of ballistic contacts are smaller
by a factor T/EF . Therefore the temperature-dependent
8magnetoresistance in them should be much less pro-
nounced than in 2DEG.
In summary, we have proposed a semiclassical mecha-
nism of magnetoresistance of ballistic contacts, which is
related with a destruction of “resonance” scattering of
oppositely moving electrons by the magnetic field. This
mechanism may account for the experimentally observed
peculiarities of transport.
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Appendix A: Calculation of ϕ(τ )
Suppose that an electron incident on the contact
crosses it at point (0, y) a time τ after it has collided
with an electron injected from the contact point (0, y′).
Denote the collision point rτ . Denote the polar angles of
the momenta of the injected and the incident electrons
at point rτ by ϕk and ϕpτ , so that the angle between
them equals ϕ = ϕk−ϕpτ . The directions of the electron
momenta rotate in the magnetic field, so that
ϕ = ϕk − ϕp + ωcτ, (A1)
where ϕp is the polar angle of the momentum of the in-
cident electron at the contact.
To obtain the ϕk(τ) dependence, we obtain the coor-
dinates of collision point rτ in two ways by solving the
equation of motion
r¨ =
e
mc
v ×H (A2)
for the incident and injected electrons. We solve this
equation with boundary conditions
v =
p
m
(
cosϕp
sinϕp
)
, r =
(
0
y
)
(A3)
at the gap for the incident electron and obtain the coor-
dinates of the collision point
rτ =


p
mωc
[sinϕp + sin(ωcτ − ϕp)]
y +
p
mωc
[− cosϕp + cos(ωcτ − ϕp)]

 (A4)
in a first way.
For the injected electron, the outer product in Eq.
(A2) has the opposite direction, so we should write a
FIG. 8: (Color online) Limits of integration over t for different
b.
minus-sign before it. The boundary conditions for the
injected electron at the gap are
v′ =
k
m
(
cos(ϕk − ωcτ ′)
sin(ϕk − ωcτ ′)
)
, r′ =
(
0
y′
)
. (A5)
Here τ ′ is the time of motion of the injected electron from
the contact to rτ .
We solve the equation of motion for the injected elec-
tron with these boundary conditions and obtain the co-
ordinates of collision point in a second way
rτ =


k
mωc
[− sin(ϕk − ωcτ ′) + sinϕk]
y′ +
k
mωc
[− cos(ϕk − ωcτ ′) + cosϕk]

 . (A6)
Equate the right-hand sides of expressions (A4) and (A6)
and in approximation p ≈ k ≈ pF , obtain a system in two
unknowns ϕk and τ
′. We solve this system for ϕk and
then substitute it into (A1) to obtain ϕ. Then we expand
the obtained ϕ into series in the small dimensionless mag-
netic field β = aωc/vF and take its asymptotics at large
dimensionless time of motion from the collision point to
the contact t = τvF /a, which results in an expression
ϕk = tβ +
y − y′
at
cosϕp = ωcτ +
y − y′
vF τ
cosϕp. (A7)
Appendix B: Calculation of the effective time of
interaction
To calculate the effective time of interaction (14), one
has first to determine the boundaries of the region k ∈
9Ω˜(rτ ,pτ ) in the (ϕ, τ) plane. According to Eq. (16),
they are given by an expression
ϕ1,2(τ) = ωcτ +
y ∓ a
vF τ
cosϕp. (B1)
To perform the integration over τ in (14) and to obtain
the integration limits in this equation, one has to in-
vert these dependencies. To this end, it is convenient
to introduce dimensionless variables b = ϕ/
√
4β cosϕp,
t = τvF /a, and η = y/a. For electrons injected through
the upper edge of the gap, the b1(t) dependence is mono-
tone, so the inverse dependence is a single-valued func-
tion
t1(b) =
√
cosϕp
β
(
b+
√
b2 − (η − 1)
)
. (B2)
For electrons injected through the lower edge of the gap,
the nonmonotone b2(t) dependence is inverted into two
functions
t2+(b) =
√
cosϕp
β
(
b+
√
b2 − (η + 1)
)
, (B3)
t2−(b) =
√
cosϕp
β
(
b −
√
b2 − (η + 1)
)
. (B4)
As we see in Fig. 8, the segment borders (i.e. integra-
tion limits) are defined by different functions for different
values of b. So there are three possible cases, which are
shown in Fig. 8 by blue lines.
1. In the most simple case b < 0, the integration in
(14) is performed over the intervals η ∈ [−1,1] and t ∈
[0, t1(b)], so
τ¯m =
a
2vF
1∫
−1
dη
t1(b)∫
0
dt. (B5)
2. If b ∈ [√2,∞), there are two possibilities depending
on whether b is above or below the minimum of depen-
dence b2(t), which is located at point bmin =
√
η + 1.
Since η ≤ 1, b is below the minimum while in the range
b ≥ √2. Hence τ¯m assumes the form
τ¯m =
a
2vF


b2−1∫
−1
dη


t2−(b)∫
0
dt+
t1(b)∫
t2+(b)
dt


+
1∫
b2−1
dη
t1(b)∫
0
dt

 . (B6)
3. If b is in the range b ∈ [0,√2], it is above the
minimum in b2(t) if η ∈ [−1, b2 − 1] and is below the
minimum if η ∈ [b2 − 1, 1]. So τ¯m is given by
τ¯m =
a
2vF
1∫
−1
dη


t2−(b)∫
0
dt+
t1(b)∫
t2+(b)
dt

. (B7)
The integrations in Eqs. (B5) - (B7) result in a piece-
wise function (17).
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